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POSITIVE MASS THEOREM AND FREE BOUNDARY
MINIMAL SURFACES
XIAOXIANG CHAI
Abstract. Built on a recent work of Almaraz, Barbosa, de Lima on
positive mass theorems on asymptotically flat manifods with a noncom-
pact boundary, we apply free boundary minimal surface techniques to
prove their positive mass theorem and study the existence of positive
scalar curvature metrics with mean convex boundary on a connected
sum of the form (Tn−1 × [0, 1])#M0.
1. Introduction
An asymptotically flat manifold is used to model an isolated gravitational
system in physics. The positive mass conjecture states that if the system
has nonnegative local mass density, then the system must have nonnegative
total mass measuring at spatial infinity. Schoen and Yau [SY79b] in 1970s
established the positive mass theorem for time-symmetric case of the conjec-
ture using minimal surfaces. They proved the three dimensional case. It is
also called the Riemannian positive mass theorem. When the dimension is
less than eight, the positive mass theorem can be reduced down to dimension
three, see [Sch89]. Witten [Wit81] found an elegant proof for the non-time-
symmetric case (spacetime version) using spinor techniques and a mathe-
matically rigorous account of his proof can be found in [PT82]. Witten’s
proof applies for spin manifolds of all dimensions. As for spacetime version
without spin assumption, there is a recent work of Eichmair, Huang, Lee
and Schoen [EHLS15] which uses marginally outer trapped surface (abbr.
MOTS) to replace minimal surfaces in the argument.
There is also a lot of work to extend positive mass theorem to hyperbolic
settings. [Wan01] and [CH03] use Witten-type arguments to prove a positive
mass theorem for asymptotically hyperbolic manifolds. Later Andersson,
Cai, and Galloway [ACG08] uses the BPS brane action to give a proof of
the non-spin case.
We first recall the definition of a standard asymptotically flat manifold.
Definition 1. (Asymptotically flat) We say that (Mn, g) is asymptotically
flat with decay rate τ > 0 if there exists a compact subset K ⊂ M and a
diffeomorphism Ψ : M\K → Rn\B¯1(0) such that the following asymptotics
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holds as r → +∞:
|gij(x)− δij |+ r|gij,k|+ r2|gij,kl| = o(r−τ )
where τ > n−22 .
Definition 2. (ADM mass, after Arnowitt, Deser and Misner [ADM60])
Let (Mn, g) be the manifold specified above, assume that the scalar curvature
Rg of M is integrable, then the quantity defined for an asymptotically flat
manifold M below
EADM = lim
r→+∞{
∫
Sr
(gij,j − gjj,i)µidSr}
is called the ADM mass. Here, x = (x1, · · · , xn) is the coordinate system
induced by Ψ, r = |x|, gij are the components of g with respect to x and
the comma denotes partial differentiation. Sr denotes the standard sphere
of radius r, µi normal to Sr under Euclidean metric and the comma denotes
partial differentiation.
The definition of the ADM mass relies on the choice of coordinates and
its geometric invariance of ADM mass is proved by Bartnik [Bar86]. Then
the positive mass theorem says that
Theorem 1. (Positive mass theorem [SY79b, SY17]) If (M, g) is asymptoti-
cally flat with scalar curvature Rg > 0 and Rg is integrable, then EADM > 0.
EADM = 0 if and only if the manifold (M, g) is isometric to the standard
Euclidean space (Rn, δ).
The seminal work [SY79b] reveals deep connections between the geometry
of non-compact minimal surface in asymptotically flat 3-manifolds and non-
negative scalar curvature. We briefly outline their ideas below.
Assume the ADM mass EADM < 0, then the metric can be perturbed into
a metric which is conformally flat at infinity (i.e. outside a compact set)
such that the scalar curvature Rg has a strict positive sign and negativity
of the mass is preserved. Then choose a large number σ > 0, let
Γσ,a = {(xˆ, xn) ∈ Rn : |xˆ| = σ, xn = a},
we find a minimal hypersurface Σσ,a solving the Plateau problem in M
with boundary Γσ,a. The deformed metric allows fixing two coordinate
slabs {xn = ±Λ} such that any Σσ,a realizing the minimum among all
{|Σσ,a|}a∈[−a0,a0] lies strictly between the slabs. Moreover, it is possible
to choose a number a = a(σ) ∈ (−a0, a0) such that Σσ = Σσ,a(σ) has the
least area among all {Σσ,a}a∈[−a0,a0]. We can take a subsequence σi → ∞
such that Σσ converge to a strongly stable minimal hypersurface. The con-
tradiction will follow from the strong stability and Gauss-Bonnet theorem.
The technical part of their proof is to handle asymptotics. Lohkamp
[Loh99] observed that if the mass is negative, the metric can be transformed
further into a metric which is Euclidean at infinity. This allows compact-
ification by identifying edges of a large cube. The compactified manifold
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M ′ has nonnegative scalar curvature and is not flat. By argue that the
(n − 1)-th homology group of M ′ is non-trivial and that there exists an
area-minimizing hence stable minimal hypersurface in M ′. The stability of
this hypersurface allows a dimension reduction argument from dimension
seven down to dimension three, and the proof of dimension three finishes
with the Gauss-Bonnet theorem.
Recently Almaraz, Barbosa and de Lima in [ABdL16] introduce a notion
of an asymptotically flat manifold with a non-compact boundary as well as
an ADM mass:
Definition 3. (Asymptotically flat with a noncompact boundary) We say
that (M, g) is asymptotically flat with decay rate τ > 0 if there exists a
compact subset K ⊂M and a diffeomorphism Ψ : M\K → Rn+\B¯+1 (0) such
that the following asymptotics holds as r → +∞:
|gij(x)− δij |+ r|gij,k|+ r2|gij,kl| = o(r−τ )
where τ > n−22 .
Definition 4. (ADM mass with a noncompact boundary) ADM mass for
M is given by
mADM = lim
r→+∞
{∫
Sn−1r,+
(gij,j − gjj,i)µidSn−1r,+ +
∫
Sn−2r
g1nϑ
1dSn−2r
}
where Rn+ = {x ∈ R : x1 > 0} and B¯+1 (0) = {x ∈ Rn+ : |x| 6 1}. We also
use the Einstein summation convention with index ranges i, j, k = 1, · · · , n
and a, b, c = 2, · · · , n. Observe that along ∂M , {∂a} spans T∂M while ∂1
points inwards. Sn−1r,+ ⊂M is a large coordinate hemisphere of radius r with
outward unit normal µ, and ϑ is the outward pointing unit co-normal to
Sn−2r = ∂S
n−1
r,+ , viewed as the boundary of the bounded region Σr ⊂ Σ .
We writem(M, g) if we want to emphasize the dependence on the manifold
and the metric, and we write mg for short if the manifold M is clear from
the context. See Fig. 1 for a hemisphere in such an asymptotically flat
manifold.
Motivated by the proof by Schoen and Yau [SY79b] using minimal hy-
persurface techniques, S. Almaraz, E. Barbosa and L. de Lima proved a
positive mass theorem for asymptotically flat manifolds with a non-compact
boundary, more specifically,
Theorem 2. [ABdL16, Theorem 1.3] When 3 6 n 6 7 and if (M, g) is
asymptotically flat Rg > 0 and Hg > 0 then mADM > 0, with the equality
occurring if and only if (M, g) is isometric to (Rn+, δ).
Their method is to perturb the metric, making the manifold M con-
formally flat at infinity and the mean curvature of ∂M strictly positive,
therefore ∂M serves a barrier for the area-minimizing hypersurface to exist.
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x1
xn
∂M
M
x2, · · · , xn−1
θ ⊥ ∂M ϑ ⊥ (Sr ∩ ∂M) in ∂M
Sn−1r,+
Sn−2r
µ ⊥ Sn−1r,+
Figure 1. A hemisphere of radius r in an asymptotically
flat manifold with a non-compact boundary.
We provide a different approach which uses free boundary minimal hy-
persurfaces instead.
We also study the geometry of (Tn−1 × [0, 1])#M0 where M0 is non-flat.
We prove the following
Theorem 3. There does NOT exist a metric on (Tn−1 × [0, 1])#M0 with
nonnegative scalar curvature and nonnegative mean curvature along the bound-
ary where 3 6 n 6 7.
In fact, the only metric with nonnegative scalar curvature and nonneg-
ative mean curvature is flat which in turn will force M0 to be flat. The
existence of positive scalar curvature metrics on Tn#M0 were studied most
notably by works of Schoen, Yau [SY79a] and Gromov, Lawson [GL83]. This
non-existence result Theorem 3 was essentially due to Gromov and Lawson
[GL83]. For the convenience of the reader, we include our sketch of their
proof. Note that their proof used minimal surfaces techniques and we use
instead free boundary minimal surfaces.
Also, other results of the latter require a spin assumption on the manifold
Tn#M0. For Theorem 3, the corresponding spin versions can be established
via the analysis of Dirac spinors with integrated Bochner formula (see Hijazi,
Motiel and Zhang [HMZ01, Eq. (2.3)]). We focus here on the non-spin case,
and the dimension assumption 3 6 n 6 7 is a technical one.
Recently, Schoen and Yau [SY17] develop a minimal slicing theory and
use it to settle the non-spin higher dimensional positive mass theorem and
also established a non-existence result of positive scalar curvature metrics
on Tn#M0 with n greater than seven. We intend to generalize the theory
to the boundary setting in future works.
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The article is organized as follows:
In Section 2, we record some basics of free boundary minimal hyper-
surfaces and that of conformal changes. In Section 3, we present another
approach which resembles more formally with Schoen and Yau’s original
approach by replacing minimal hypersurface with free boundary minimal
hypersurface instead. We follow closely to Schoen’s article [Sch89]. In Sec-
tion 4, we study the relationship of the geometry of (Tn−1× [0, 1])#M0 and
the positive mass theorem. In the appendix, we give details of some of the
computations.
Acknowledgements. This work is part of the author’s PhD thesis at
the Chinese University of HK. He would like to thank his PhD advisor
Prof. Martin Man-chun Li for suggesting this problem and many helpful
discussions, and also for continuous encouragement and support.
2. free boundary minimal hypersurfaces and conformal
geometry
In this section, (Mn, g) is a smooth manifold of dimension n with nonempty
boundary ∂M and Σn−1 is an immersed hypersurface whose boundary lies
in ∂M . Let Σ be a free boundary minimal hypersurface which is a critical
point of the volume functional V (Σ) among all surfaces whose boundary lies
in ∂M . We compute the first and second variation of the functional V (Σ)
with respect to variational vector field X whose restriction on ∂Σ is tangen-
tial to ∂M . This computation also fills some calculational details missing in
[Sch89].
We adopt the following notations.
Notations. We use (Σ, ∂Σ)# (M,∂M) to denote that Σ is a hypersur-
face in M with boundary lying on ∂M . B(X,Y ) := 〈∇Xν, Y 〉 is the second
fundamental form of Σ in M where ν is a fixed unit normal to Σ in M and
X,Y are tangent to Σ when restricted to Σ. Let A(Y,Z) := 〈∇Y η, Z〉 where
η is the outward normal of ∂M in M and Y,Z are tangent to ∂M in M .
When η is also normal to ∂Σ in Σ, the second fundamental form A evaluated
on T∂Σ × T∂Σ can be expressed as the second fundamental form of ∂Σ in
Σ as well.
2.1. Basics of free boundary minimal hypersurfaces. We have the
following definition
Definition 5. (Free boundary minimal hypersurface) (Σ, ∂Σ) # (M,∂M)
is said to be a free boundary minimal hypersurface if the first variation of
the volume functional V (Σ) vanishes along any vector field X which only
has components tangential to ∂M along ∂Σ.
It is well known that the first variation of any hypersurface Σ is given by
δΣ(X) := δV (X)|Σ =
∫
Σ
divΣX =
∫
Σ
H〈X, ν〉+
∫
∂Σ
〈X, η〉,
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here ν is a fixed normal of Σ, H = divΣν is the mean curvature of Σ and η
is the outward normal of ∂Σ in Σ. We see immediately from the definition
of a free boundary minimal hypersurface, Σ is free boundary minimal if and
only if
H ≡ 0 on Σ and η ⊥ ∂M along ∂Σ.
We record the second variation of a free boundary minimal hypersurface in
the following theorem and postpone the calculation to the appendix.
Theorem 4. Given a free boundary minimal hypersurface Σ in M , let ν
be a normal to Σ in M and X be a variational vector field. X admits the
decomposition that X = ϕν + T where T is tangent to Σ and ν is normal
to Σ. Let the normal component of ∇XX be φν and tangent component be
Zˆ. Assume that X is tangent to ∂M along ∂Σ then the second variation of
volume is
δ2Σ(X) := δ2V (X)|Σ =
∫
Σ
FXdvolΣ
where the density is given by
FX =− ϕ2Ric(ν)− ϕ2|B|2 + |∇ϕ|2
+ div(TdivT −∇TT ) + divZˆ − 2(ϕBijTi);j .
If the variational vector field X is normal to Σ, then we can write the
second variation in a simpler form
δ2Σ(fν) =
∫
Σ
|∇f |2 − (Ric(ν) + |B|2)f2 −
∫
∂Σ
f2A(ν, ν)
where f ∈ C∞c (Σ).
Definition 6. We say that Σ is a stable free boundary minimal surface
if for any f ∈ C∞c (Σ), the second variation δ2Σ(fν) > 0. The inequality
δ2Σ(fν) > 0 is called the stability inequality.
We write down the stability inequality for free boundary minimal hyper-
surfaces in full,
(1) δ2Σ(fν) =
∫
Σ
(−f2Ric(ν)− f2|B|2 + |∇f |2)−
∫
∂Σ
f2A(ν, ν) > 0.
With the Gauss-Codazzi equation,
Ric(ν) + |B|2 = 1
2
RM − 1
2
RΣ +
1
2
|B|2.
This is the fundamental observation made by Schoen and Yau [SY79b].
Decomposition along ∂Σ of the mean curvature H∂M gives that
H∂M = Σ
n−2
j=1 (∇ejη, ej) +A(ν, ν) = H∂Σ +A(ν, ν)
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where the orthonormal frame ej is tangent to ∂Σ, en−1 = η and en = ν. We
insert these identities back to (1) and get∫
Σ
[
|∇f |2 − f2(1
2
RM − 1
2
RΣ +
1
2
|B|2)
]
−
∫
∂Σ
f2(H∂M −H∂Σ) > 0.
A rewrite of this inequality assuming that RM > 0 and H∂M > 0,
(2)
∫
Σ |∇f |2 + 12f2RΣ +
∫
∂Σ f
2H∂Σ > 0 for all 0 6= f ∈ C∞(Σ)
using RM is strictly positive everywhere is sufficient for our purpose.
2.2. Conformal changes. Given any manifold (Mn, g), take any u > 0 on
M , the conformal changed metric gˆ = u
4
n−2 g gives a law for the change of
the scalar curvature and the mean curvature of the boundary.
Denote cn =
n−2
4(n−1) . We define the conformal Laplacian by
L = cnRg −∆gu in M,
and the scalar curvature under gˆ is given by
Rgˆ = c
−1
n u
−n+2
n−2 (cnRg −∆gu) = c−1n u−
n+2
n−2Lu.
We define also an operator acting along the boundary
B = ∂ν + 2cnHg on ∂M,
and the mean curvature Hgˆ of the boundary ∂M under gˆ is given by
Hg˜ =
1
2
c−1n u
− 2
n−2 (2cnHg + ∂νu) =
1
2
c−1n u
− 2
n−2Bu along ∂M.
where ∂ν denotes the derivative along the outward unit normal ν to ∂M in
M . We write often L(M, g) = L and B(M, g) = B to avoid confusion.
We derive a simple consequence of (2) encoded in the following lemma,
Lemma 1. Given any compact manifold (Mn, g) with boundary ∂M , sup-
pose that ∫
M
|∇f |2 + 1
2
RMf
2 +
∫
∂M
f2H∂M > 0
for all 0 6= f ∈ C∞(M). Then M admits a positive scalar curvature metric
gˆ, and under this metric the boundary ∂M is minimal.
Proof. The eigenvalue problem{
Lu = λu in M,
Bu = 0 on ∂M
admits a positive solution u > 0.
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Using Rayleigh quotient and that 2cn < 1,
λ =
∫
M (|∇u|2 + cnRMu2) + 2cn
∫
∂M H∂Mu
2∫
M u
2
> 2cn
[∫
M
(|∇u|2 + 12RMu2)+ ∫∂M H∂Mu2∫
M u
2
]
> 0.
Let g˜ = u
4
n−2 g, then
Rg˜ = c
−1
n u
−n+2
n−2 (cnRg −∆gu)
= c−1n u
−n+2
n−2λu = λc−1n u
− 4
n−2 > 0
and
Hg˜ = u
− 2
n−2 (Hg +
1
2
c−1n ∂νu) = 0 along ∂M
give that the metric g˜ is the desired metric. 
Similarly, we have
Lemma 2. Given any compact manifold (Mn, g) with boundary ∂M , sup-
pose that ∫
M
|∇f |2 + 1
2
RMf
2 +
∫
∂M
f2H∂M > 0
for all 0 6= f ∈ C∞(M). Then M admits a scalar-flat metric gˆ, under this
metric the boundary ∂M is strictly mean convex.
Proof. The proof is similar to the previous lemma, except that we consider
the following Steklov-type eigenvalue problem instead:
Lφ = 0 in M, Bφ = λφ on ∂M
We omit the details. 
3. An alternate proof of Theorem 2
In this section, we provide another proof of the positive mass theorem
(Theorem 2) using free boundary minimal hypersurfaces.
3.1. Step 1: Existence of area-minimizing hypersurface with free
boundary. We assume on the contrary that mg < 0. By the density theo-
rem [ABdL16, Proposition 4.1], we can assume that g = h
4
n−2 δ, Rg > 0 on
M and Hg > 0 on ∂M where h(x) = 1 + C(n)mg|x|2−n +O(|x|1−n), where
C(n) is a constant depending only on the dimension. Consider the vector
field η = h−
2
n−2∂n. We compute the divergence of η with respect to g
divgη = −2(n− 1)C(n)mg x
n
|x|n +O(|x|
−n)
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In particular we see that divg η > 0 for x
n > a0 and divg(−η) > 0 for
xn 6 −a0 for some constant a0. Let σ be a large real number, let
Γσ,a = {x = (x¯, xn) : xn = a, |x¯| = σ, x1 > 0}
and
Cσ =
{
x = (x¯, xn) : |x¯| = σ, x1 > 0 or x1 = 0|x¯| 6 σ} .
The half cylinder Cσ with ∂M bounds to the interior a region Ωσ in M . We
solve a Plateau problem within the class of hypersurfaces with partially free
boundary on ∂M and fixed boundary Γσ,a and obtain an (n−1)-dimensional
hypersurfaces Σσ,a with least area among all such hypersurfaces. Where the
free boundary and fixed boundary meet is called the corner of the hypersur-
face. In our situation, the corner is the following set
Λσ,a = {x = (x¯, xn) : |x¯| = σ, x1 = 0, xn = a}.
When solving a Plateau problem, regularity issues will often arise. The
requirement that the dimension 3 6 n < 8 is one of them (see [Fed96]), and
in particular regularity is a problem at the corner. We now list standard
known facts about the regularity of Σσ,a.
The interior regularity of Σσ,a is just classical geometric measure theory
(see [Fed96]). The regularity at the free boundary of the boundary away from
the corner Λσ,a is shown by Gruter [Gru¨87a, Gru¨87b] and the regularity near
Γσ,a ∼ Λσ,a follows from the work of Hardt and Simon [HS79]. Although
Gruter [Gru¨90] claimed some regularity results at the corner, but we have
not seen those get published.
In conclusion, regularity can only be an issue at the corners. However,
we are able to bypass this when taking limits.
xn = 0
x2, · · · , xn−1
xn = a0
xn = −a0
xn = a
Γσ,a, fixed boundary
free boundary
lying on ∂M
xn = a(σ)
Σσ,a
Σσ,a(σ)
xn
x1
Figure 2. Solving a Plateau problem with a partially free
boundary lying on ∂M and fixed boundary Γσ,a.
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For any large σ > 0, let
V (σ) = min{Vol(Σσ,a) : a ∈ [−a0, a0]}.
First, we note that
Claim 1: The function a 7→ Hn−1(Σσ,a) is continuous.
To prove this, take any two numbers a1, a2 ∈ [−a0, a0], we can further
assume that a1 < a2. Σσ,a1 is area-minimizing with free boundary on ∂M
and fixed boundary Γσ,a′ . The union of Σσ,a2 and ∪a∈[a1,a2]Γσ,a serves as a
comparison surface (which is only piecewise smooth) for Σσ,a1 . By volume
comparison,
Hn−1(Σσ,a1) 6 Hn−1(Σσ,a2) +Hn−1(∪a∈[a1,a2]Γσ,a),
where the last term will be bounded by C(a2− a1)σn−2 and the constant C
depend only on the dimension n and the decay properties of the metric g.
Switching roles of Σσ,a1 and Σσ,a2 , we get
|Hn−1(Σσ,a1)−Hn−1(Σσ,a2)| 6 C|a2 − a1|σn−2,
and hence finish the proof of the Claim 1.
Hence, the V (σ) is attained by some hypersurface Σσ,a where a = a(σ) ∈
[−a0, a0]. Also, we claim further that
Claim 2. There exists a = a(σ) ∈ (−a0, a0) such that Vol(Σσ,a) = V (σ).
To show that a(σ) < a0, let Ωσ,a be the region lying below Σσ,a and
Uσ,a = {(x¯, xn) ∈ Ωσ,a : xn > a0 − δ}
where δ is chosen small such that divg η > 0 for x
n > a0 − δ. We show by
contradiction that Uσ,a = ∅. We have by the divergence theorem,
0 <
∫
Uσ,a
divg η =
∫
Σσ,a∩{xn>a0−δ}
〈η, ν〉+
∫
Ωσ,a∩{xn=a0−δ}
〈η,−η〉
=
∫
Σσ,a∩{xn>a0−δ}
〈η, ν〉 −Vol(Ωσ,a ∩ {xn = a0 − δ})
where on the right hand side integration on other pieces vanish because η is
tangent to Cσ. By Cauchy-Schwarz inequality we arrive
Vol(Ωσ,a ∩ {xn = a0 − δ}) < Vol(Σσ,a ∩ {xn > a0 − δ}).
In the case when a < a0 − δ, we can project pieces of Σσ,a above {xn =
a0 − δ} down to {xn = a0 − δ} and get a smaller area. This contradicts
the minimality of Σσ,a among all hypersurfaces with Γσ,a as boundary in
Ωσ. When a > a0 − δ we can do the same projection and we get a surface
with fixed boundary Γσ,a0−δ and its area is strictly less that V (σ), and this
contradicts the choice of a. Therefore Uσ,a = ∅. We obtain similarly the
lower bound for a(σ). In conclusion, a(σ) ∈ (−a0, a0).
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3.2. Step 2: Strong stability and limiting behavior as σ → ∞. Let
Σσ := Σσ,a(σ) be one of the hypersurfaces which realizes the minimum vol-
ume V (σ). Let X1 be a fixed vector field on M which is equal to ∂n out-
side a compact set. Let X0 be a vector field of compact support, and let
X = X0 + αX1 where α is a real number. The vector field X generates a
one-parameter group of diffeomorphism Ft. Ft gives a variation of Σσ and
d
dt
Vol(Ft(Σσ))|t=0 = 0, d
2
dt2
Vol(Ft(Σσ))|t=0 > 0
We choose a sequence σi →∞ such that Σσi converge to a limiting volume
minimizing hypersurface Σ ⊂ M . We see that the possible singularity at
the corner goes away by taking limits.
We claim that Σ is a graph of a function f near infinity, that is to say
Σ outside a compact set is given by xn = f(x1, . . . , xn) with x1 > 0. We
prove this claim by scaling techniques. Denote x¯ = (x1, . . . , xn−1). Take
p = (x¯, xn) ∈ Σ with |x¯| = 2σ for σ sufficiently large. Λ is a number greater
than 1, let SΛ = {x ∈M : xn = Λ}. Consider Ωσ which is bounded by ∂M ,
Cσ and the slabs S−a0 and Sa0 . Using volume comparison, we see that
|Σ ∩ Ωσ| 6 ωn−1
2
σn−1 +O(σ−1)σn−1.
Outside a large enough compact set, f satisfies the minimal surface equation∑
ij
(
δij − f,if,j
1 + |∂f |2
)
f,ij +
2(n− 1)
n− 2
√
1 + |∂f |2 ∂
∂ν0
log h = 0,
and on the boundary ∂Σ (also outside a compact set)
∂1f = 0.
Recall that under the metric g = h
4
n−2 δ, h is the conformal factor
h(x) = 1 + C(n)mADM|x|2−n +O(|x|1−n)
and
ν0 = (1 + |∂f |2)−1/2(−∂f, 1).
We record the calculation of decay rate of f in Lemma 7.
Let Dσ denote the portion of Σ bounded by Cσ to the interior. According
to Lemma 4, the density of the second variation can be written as
FX = −ϕ2 Ric(ν)− ϕ2|B|2 + |∇ϕ|2 +G
where
G = div(T div T −∇TT ) + div Zˆ − 2(ϕBijTi);j .
Here, T is the tangential component of X, ν is the normal of Σ in M and η
is the normal of ∂Dσ in Σ.
The integral of FX over a large bounded region Dσ is then by divergence
theorem
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∫
Dσ
FX =
∫
Dσ
(−ϕ2 Ric(ν)− ϕ2|B|2 + |∇ϕ|2)
+
∫
∂Dσ
[(T div T −∇TT, η)− 2ϕB(T, η) + (Zˆ, η)].
Along the free boundary ∂Σ we have
(Zˆ, η) = (∇XX, η) = (∇T+ϕν(T + ϕν), η)
= (∇TT + ϕ∇T ν + ϕ2∇νν + ϕ∇νT, η)
= (∇TT, η) + ϕB(T, η)− ϕ2A(ν, ν) + ϕ(∇νT, η)
= (∇TT, η) + 2ϕB(T, η)− ϕ2A(ν, ν)
where A(Y, Z) := (∇Y η, Z) for Y, Z ∈ T∂M i.e. the second fundamental
form of ∂M in M . Since 〈T, η〉 = 0, hence the term left for ∂Σ is −ϕ2A(ν, ν).
From the decay conditions on h and f , we see that the boundary terms
along ∂Dσ ∩ Σ decay faster than σ2−n, then integral over ∂Dσ ∩ Σ tends
to zero as σ → ∞. See Lemma 7 in the appendix. By letting σ → ∞, we
arrive the strong stability inequality
(3)
∫
Σ
(−ϕ2 Ric(ν)− ϕ2|B|2 + |∇ϕ|2)−
∫
∂Σ
ϕ2A(ν, ν) > 0
Applying the same trick as in deriving (2), we see the inequality (3) becomes
∫
Σ
|∇ϕ|2 + 1
2
ϕ2RΣ +
∫
∂Σ
ϕ2H∂Σ
>
∫
Σ
1
2
ϕ2(RM + |B|2) +
∫
∂Σ
ϕ2H∂M > 0.(4)
The condition on ϕ can be derived from the condition on X, since
ϕ = α〈X, ν〉 = α〈∂n, ν〉 = αh
2
n−2 (1 + |∂f |2)−1/2
outside a compact set for a constant α.
Since ϕ− α = O(|x′|3−n) we see that ϕ− α has finite mass and therefore
we can take ϕ to be any function for which ϕ − α has compact support or
finite mass for some constant α.
3.3. Step 3: Strong stability and Gauss-Bonnet theorem. We use
the above to obtain a contradiction when n = 3. Specifically, taking ϕ ≡ 1
in the stability inequality (1), we have∫
Σ
K +
∫
∂Σ
kg =
∫
Σ
1
2
RΣ +
∫
∂Σ
H∂Σ > 0
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We use the large region Dσ to approximate the integral, by Gauss-Bonnet
theorem, we have∫
Σ
K +
∫
∂Σ∩Dσ
kg = 2piχ(Dσ)− 2pi −
∫
∂Dσ−∂Σ∩Dσ
kg + α1 + α2
where αi are the inner angles. Note that Dσ has at least one boundary
components and possibly has positive genus, hence χ(Dσ) = 2 − 2g − b 6
2−2 ·0−1 = 1. So the right hand side converge a number less than to zero,
yet the left hand side converges to a positive number by stability (4).
We see a contradiction. Therefore, when n = 3, mADM > 0.
3.4. Step 4: Dimension reduction argument. When 4 6 n 6 7, we
have the induced metric gˆ on Σ in terms of coordinates x1, . . . , xn−1
gˆij = h(x¯, f(x¯))
4
n−2 (δij + f,if,j) = δij +O(|x|2−n)
where i, j ranges from 1 to n − 1. Therefore, (Σ, gˆ) is asymptotically flat
and has mass zero. We consider the pair of operators (Lgˆ, Bgˆ) defined by
Lgˆ = −∆gˆ + cn−1RΣgˆ in Σ and Bgˆ = ∂η + 2cn−1H∂Σgˆ on ∂Σ where η is the
outward normal of ∂Σ in Σ under the metric gˆ.
Now we want to find a positive solution u to the boundary value problem
(5)
{
Lgˆu = 0 in Σ,
Bgˆu = 0 on ∂Σ
satisfying also u > 0 on Σ and u→ 1 at infinity.
Following from (4), we have that for any domain D ⊂ Σ, we have that
λ1(D) > 0. Using Fredholm alternative and [ABdL16, Proposition 3.3], we
have a unique solution v ∈ C2,αγ (Σ) (see definitions of such weighted Holder
spaces in [ABdL16]) to{
Lgˆv = −cn−1RΣgˆ in Σ,
Bgˆv = −cn−1H∂Σgˆ on ∂Σ.
Then u = v + 1 is the desired solution.
We turn to positivity of u. Suppose now that the set Ω = {x ∈ Σ : u < 0}
is not empty. Since u → 1 at infinity then Ω must be a bounded domain
of Σ. On ∂Ω, u = 0. Such u restricted to Ω will give an eigenfunction
u with zero eigenvalue. However λ1(Ω) > 0. This is a contradiction. So
u > 0. The strict positivity in the interior Σ follows by applying the usual
maximum principle on a domain whose boundary is away from ∂Σ. The
strict positivity on the boundary ∂Σ follows from Hopf’s maximum principle
on a ball tangent to the boundary at our chosen point. In conclusion, u > 0.
We see that u has the asymptotics u = 1 + m0|x¯|3−n + O(|x¯|2−n), in
particular has finite mass. Note that the dimension of Σ is n − 1. Take
ϕ = u in (4), we see that
(6) −2
∫
∂Σ
H∂Σgˆ u
2 −
∫
Σ
RΣgˆ u
2 < 2
∫
Σ
|∇u|2 < 1
cn−1
∫
Σ
|∇u|2.
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Let g¯ = u
4
n−3 gˆ, then (Σn−1, g¯) is scalar flat with minimal boundary according
to (5). We turn to the mass of (Σn−1, g¯). The mass of (Σn−1, gˆ) and (Σn−1, g¯)
are denoted respectively mˆ and m¯. We have∫
Σ
|∇u|2 = lim
σ→∞
∫
Dσ
|∇u|2
= lim
σ→∞
∫
Dσ
−u∆gˆu+
∫
∂Dσ∩∂Σ
u
∂u
∂η
+
∫
∂Dσ∩∂Σ
u
∂u
∂η
= lim
σ→∞
∫
Dσ
−RΣgˆ u2 − 2
∫
∂Dσ∩∂Σ
u2H∂Σgˆ +
∫
∂Dσ∩Σ
u
∂u
∂η
.
Considering the decay of u− 1 and (6),
lim
σ→∞
∫
∂Dσ∩Σ
∂u
∂η
= lim
σ→∞
∫
∂Dσ∩Σ
u
∂u
∂η
> 0.
Note that
m¯ = m¯− mˆ = lim
σ→∞
∫
∂Dσ∩Σ
−4∂u
∂η
< 0.
We infer as well that m0 < 0.
In conclusion, (Σ, u4/(n−3)gˆ) is asymptotically flat, and scalar flat with
minimal boundary and has negative mass m¯ < 0. The contradiction follows
inductively from the case n = 3. Here we finish the proof with rigidity
statement given by [ABdL16, Lemma 3.3, 3.4]. 
Remark 1. In the case of dimension 3, we can avoid choosing a height a to
finish the proof. Since in dimension 3, we could utilize a logarithm cutoff
trick on the stability inequality as in [SY79b]. In order to be consistent with
higher dimensions, we use the strong stability in every dimension 3 6 n < 8.
4. Geometry of (Tn−1 × [0, 1])#M0
In this section, we study the geometry of (Tn−1×[0, 1])#M0. More specif-
ically, we settle the non-existence of metrics with positive scalar curvature
and minimal boundary, and non-existence of scalar-flat metrics with mean
convex boundary on this manifold (Tn−1 × [0, 1])#M0. This non-existence
result was essentially due to Gromov and Lawson [GL83]. For the conve-
nience of the reader, we include our sketch of their proof. Note that their
proof used minimal surfaces techniques and we use instead free boundary
minimal surfaces. We then adopt an idea of [Loh99] to modify an asymp-
totic flat manifold with a noncompact boundary into a manifold of such
form. By keeping track of the scalar curvature and the mean curvature, we
can provide a proof of Theorem 3. This proof is simpler in the sense that
we are doing analysis on a compact manifold, and avoiding the analysis of
asymptotic behaviors.
Lemma 3. Given any compact manifold (Mn, g) with Rg > 0 in M and
Hg > 0 on ∂M . Then g can be conformally changed to a metric g˜ satisfying
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Rg˜ > 0 everywhere in M and Hg˜ ≡ 0 on ∂M unless M is Ricci flat with
totally geodesic boundary.
Proof. We have two cases to consider.
Case i: Rg > 0 somewhere in M or Hg > 0 somewhere on ∂M . The
existence of g˜ follows from Lemma 1 by considering the eigenvalue problem{
L(M, g)u = λu in M,
B(M, g)u = 0 on ∂M.
Case ii: Rg ≡ 0 in M and Hg ≡ 0 on ∂M . We consider a family of metrics
gt = g + tγ with γ to be chosen later. Note that t = 0, R0 ≡ 0 and H0 ≡ 0.
Suppose that λt is the first eigenvalue of Lt := Lgt and Bt := Bgt , by
variational characterization of eigenvalues
λt =
∫
M (|∇tut|2 + cnRtu2)dµ+ 2cn
∫
∂M Htu
2
tdσt∫
M u
2
tdµt
.
Note that u0 = 1 and λ0 = 0. We use the dot notation to denote differen-
tiation with respect to t and evaluation at t = 0. For instance, λ˙ = λ′(0).
In differentiation, all terms drop out except for terms involving R˙ and H˙,
hence
λ˙ =
cn
vol(M, g)
[
∫
M
R˙dµ+ 2
∫
∂M
H˙dσ]
=
cn
vol(M, g)
[
∫
M
〈Ricg −1
2
Rgg, γ〉dµ+
∫
∂M
(Aij −Hggij)δgijdσ]
=
cn
vol(M, g)
[
∫
M
〈Ricg, γ〉dµ+
∫
∂M
Aijδg
ijdσ].
If M is not Ricci flat, we choose γij = ϕRij where ϕ is a supported away
from the boundary and positive in the sufficiently neighborhood around a
point where Rij is not zero. This makes λ˙ > 0. If M is Ricci flat, but the
boundary is not totally geodesic i.e. Aij 6= 0, choosing γ such that δgij = Aij
on the boundary will lead to λ˙ > 0. Therefore, we can do the same thing
now as Case i. 
A similar argument gives the following lemma,
Lemma 4. Assume that (Mn, g) satisfies the conditions in Lemma 3, then
the metric g can be conformally changed to a metric with Rg˜ ≡ 0 in M
and Hg˜ > 0 everywhere on ∂M unless M is Ricci flat with totally geodesic
boundary.
Proof. The proof is similar to the previous lemma, except that we consider
the Steklov-type eigenvalue problem instead:
L(M, g)φ = 0 in M, B(M, g)φ = λφ on ∂M
We omit the details. 
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In the following, we generalize Bochner’s theorem [Pet98, Chapter 7, Sec-
tion 3] to manifolds with boundary. Denote
HT =
{
ω ∈ ∧1M : dω = 0, δω = 0, νyω = 0 on ∂M} ,
HN = {ω ∈ ∧1M : dω = 0, δω = 0, ν[ ∧ ω = 0 on ∂M}.
For more details, refer to a good exposition of Hodge-Morrey theory in
[GMS98, Chapter 5].
Lemma 5. Given any compact manifold (Mn, g) with nonnegative Ricci
curvature Ricg > 0 with boundary whose second fundamental form is non-
negative, then every harmonic 1-form ω ∈ HT ∪HN is parallel.
Proof. Let ei be orthonormal frame where e1 = ν on ∂M and θ
i be its dual
frame. Recall the Bochner-Wietzenbock formula for ω,
0 = (dδ + δd)ω = ∇2ei,eiω + θi ∧ (ejyR(ei, ej)ω)
where R(X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ].
Using integration by parts and direct calculation,
0 = 〈∆ω, ω〉 =
∫
M
〈∇2ei,eiω, ω〉+ 〈ω, θi ∧ (ejyR(ei, ej)ω)〉
=
∫
∂M
〈∇νω, ω〉 −
∫
M
(Ric(ω, ω) + |∇ω|2).
If ω ∈ HN , since ω is a 1-form, we can assume that ω = φθ1 on ∂M . Since
0 = δω =
∑n
i=1 θ
iy∇eiω = divM ω, we have
〈∇νω, ω〉 = φ(∇νω, ν)
= φ divM ω −
n∑
i=2
φ(∇eiω, ei)
= −φ2H∂M = −|ω|2H∂M
and then
−
∫
∂M
H∂M |ω|2 −
∫
M
(Ric(ω, ω) + |∇ω|2) = 0.
If ω ∈ HT , we have ω] is tangent to ∂M , extend ν to all of M such that ω]
is orthogonal to ν in an open neighborhood of ∂M . Then along ∂M ,
0 = dω(ω], ν) = ω](ω(ν))− ν(ω(ω]))− ω(∇ω]ν −∇νω])
= −〈∇ω]ν, ω]〉 − (∇νω, ω])
= −A∂M (ω], ω])− 〈∇νω, ω〉
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will give
−
∫
∂M
A∂M (ω], ω])−
∫
M
(Ric(ω, ω) + |∇ω|2) = 0.
In either case, by nonnegativity of Ric and second fundamental form of ∂M ,
it is necessary that |∇ω| = 0 i.e. ω is parallel. 
In order to apply these lemmas, we still need that the connected sum
(Tn−1× [0, 1])#M0 is not Ricci flat with totally geodesic boundary. We now
denote the manifold (Tn−1×[0, 1])#M0 by (Mn, g). We assume the contrary
i.e. Ricg ≡ 0 and Ag ≡ 0. Since the boundary is totally geodesic, we can
glue two copies of M along the boundary to get a Ricci flat manifold and
reduce to the closed case. However, in line with previous lemmas, we apply
again Hodge-Morrey theory with boundary.
Lemma 6. The manifold M is NOT Ricci flat with totally geodesic bound-
ary.
Proof. Assume the contrary, we look at the degree 1 map from M to Tn−1×
[0, 1]:
pi : M → Tn−1 × [0, 1].
Given the standard coordinates on Tn−1 × [0, 1], choose the form dxi, we
pull it back using pi to M i.e. θi = pi
∗dxi, we have that [θi] ∈ H1(M,Z) for
2 6 i 6 n and θ1 is a representative element of a relative necessary class in
H1(M,∂M,Z). Since the degree of pi is 1,∫
M
θ1 ∧ θ2 ∧ · · · ∧ θn = 1.
Using Hodge-Morrey theory [GMS98, Chapter 5, Section 2], for 2 6 i 6 n,
we can modify θi to its harmonic representative θ
H
i ∈ HT and [θHi ] ∈
H1(M,Z). Similarly, we can modify θ1 to its harmonic representative θH1 ∈
HN and [θ
H
1 ] ∈ H1(M,∂M,Z). By the previous lemma, these θHi are par-
allel. Let θi = θ
H
i + dai where ai are functions. Let i : ∂M → M de-
notes the canonical injection, then along ∂M , ν ∧ θH1 = 0, i∗θH1 = 0 and
i∗a1 = a1|∂M = 0. Since these forms {θi}, {θHi } are closed, the difference∫
M
θ1 ∧ · · · ∧ θn −
∫
M
θH1 ∧ · · · ∧ θHn
by Stokes theorem can be transformed into integrals on the boundary. Every
one of those integrals contains either i∗θH1 or i∗a1, therefore vanishes. So∫
M
θH1 ∧ · · · ∧ θHn = 1.
This says that {θHi } are non-trivial and form a parallel basis for the cotan-
gent bundle T ∗M . So M is flat and this contradiction with our initial
assumption finishes our proof. 
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4.1. Non-existence results. We now assume on the contrary that M =
(Tn−1× [0, 1])#M0 admits a metric g with Rg > 0 and Hg > 0. By previous
lemmas, we can further assume that Rg is strictly positive.
Before we get to the proof, recall that a well know duality result in alge-
braic topology
Theorem 5. (Poincare-Lefschetz duality) Let M be a manifold with bound-
ary with fundamental class z ∈ Hn(M,∂M). Then the duality maps
(7) D : Hk(M)→ Hn−k(M,∂M)
and
(8) D : Hk(M,∂M)→ Hn−k(M)
given by taking cap product with z are both isomorphisms.
4.2. Proof of Theorem 3. Now we are ready to finish the proof of Theorem
3.
Proof of Theorem 3. There exists a map pi : M → Tn−1 × [0, 1] we choose
standard normalized forms dxi and its pull back θi := pi
∗dxi to M . The
fundamental class z ∈ Hn(M,∂M,Z), then the cap product [θn] _ z is in
Hn−1(M,∂M,Z) by Lefschetz duality and nonzero. We have the following
minimization procedure,
|Σ| = min{|Σ0| : Σ0 ∈ Hn−1(M,∂M,Z)}
and ∫
Σ
θ1 ∧ θ2 · · · ∧ θn−1 = 1.
Note that Σ is area minimizing, hence stable. When 4 6 n < 7, the corre-
sponding Rayleigh quotient, the stability inequality (2) and Lemma 1 give
a metric gˆ on Σ such that Rgˆ > 0 and Hgˆ = 0.
Hence we have a (n−1) dimensional manifold (Σn−1, gˆ) whose scalar cur-
vature is positive and boundary is minimal together with forms θ1, · · · , θn−1.
Inductively doing this, we get down to a compact oriented surface Σ2 with
at least two boundary components. This will lead to χ(Σ2) 6 0. However,
by taking ϕ ≡ 1 in the stability inequality (2),
2piχ(Σ2) =
∫
Σ2
1
2
RΣ2 +
∫
∂Σ2
H∂Σ2 > 0
gives positive Euler characteristic. This is a contradiction. When n = 3,
we get directly a surface Σ2 with boundary and we apply stability (2) by
inserting ϕ ≡ 1 directly. 
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4.3. Another proof of Theorem 3.
Gromov and Lawson’s proof. In our last proof, we make use of (7) of Poincare-
Lefschetz duality (Theorem 5). Also note that by Lemma 4, it is possible to
deform the manifold M into a scalar-flat manifold whose mean curvature of
the boundary is strictly positive. In fact, we can give another proof using
the other part of the duality (8).
As in Lemma 6, we have that [θi] ∈ H1(M,Z) for 2 6 i 6 n and θ1 is
a representative element of a relative cohomology class in H1(M,∂M,Z).
Then [θ1] _ z ∈ Hn−1(M,Z), by the same reasoning, [θ1] _ z is not trivial.
We then have the following minimization procedure,
|Σ| = min{|Σ0| : Σ0 ∈ Hn−1(M,Z)}
and ∫
Σ
θ2 ∧ · · · ∧ θn = 1.
The existence of a minimizer is due to nontriviality of Hn−1(M,Z) and that
two boundaries of M has strictly positive mean curvature thus acting as
barriers. Then Σ has no boundary and does not intersect the boundary
∂M .
Case n = 3:
By construction, on Σ we have two closed 1-forms θ2, θ3 such that Σ is
dual to θ2 ∧ θ3 and that ∫
Σ
θ2 ∧ θ3 = 1.
This fact leads to that Σ has positive genus. Because otherwise Σ was a
2-sphere, the closed 1-forms θ2, θ3 would have to be exact by cohomology of
the 2-sphere. But then by the Stokes theorem,
∫
Σ θ2 ∧ θ3 = 0.
If n = 3 by the stability inequality (2), we also have that the Euler
characteristic
χ(Σ2) =
∫
Σ
1
2
RΣ +
∫
∂Σ
H∂Σ =
1
2
∫
Σ
RΣ > 0
gives that Σ2 has zero genus. This is a contradiction.
Case 4 6 n < 8:
Since Σ has no boundary, we consider the eigenvalue problem
LΣφ = σφ in Σ.
Let the first eigenfunction be u. The function u is positive on Σ.
Using the Rayleigh quotient
σ1 =
∫
Σ(|∇u|2 + cn−1RΣu2)∫
Σ u
2
,
the stability (2) (without integrals over the boundary) and that cn−1 < 12 ,
we see that σ1 > 0.
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Let gˆ = u
4
n−3 gΣ (note here that the dimension of Σ is n − 1) with this
conformal change we have a closed 2-surface (Σ, gˆ), whose scalar curvature
is positive with forms θ2, · · · , θn. This is the standard case. See for example
the earlier work of Schoen and Yau on positive scalar curvature [SY79a].
Inductively doing this, we get down to a compact oriented surface Σ2 just
like when n = 3. 
4.4. Relation with positive mass theorem. We recall the density the-
orem [ABdL16, Proposition 4.1]:
Proposition 1. Given any asymptotically flat manifold (Mn, g) with a non-
compact boundary, given  > 0, there exists metric g˜ such that
1. (Mn, g˜) is asymptotically flat.
2. (Mn, g˜) satisfies Rg˜ = 0 and Hg˜ = 0.
3. g˜ is conformally flat near infinity i.e. g˜ is of the form u
4
n−2 δ near
infinity with ∆u = 0 in Rn+ and ∂u∂x1 = 0 on ∂R
n
+ for |x| large.
4. |mg −mg˜| < .
We further modify g˜ as follows
Proposition 2. Suppose that M is given as above, if mg < 0, we can deform
g˜ into g¯ such that
1. (M, g¯) is scalar flat with zero mean curvature boundary: Rg¯ = 0 and
Hg¯ = 0.
2. g¯ is exactly Euclidean outside a compact set.
Proof. The proof of the case of the standard asymptotically flat manifold
as in [Loh99, Proposition 6.1] carries over. It is sufficient to take into
consideration the fact that the functions h and f constructed in [Loh99,
Lemma 6.2] satisfy ∂h∂x1 =
∂f
∂x1
= 0 along the boundary. 
Lohkamp style proof of the positive mass theorem Theorem 2. We assume on
the contrary that mg < 0. By the last two propositions, we modify the met-
ric g into g¯. We take a large Λ > 0 such that the region {x ∈M : |xi| > Λ}
is Euclidean, we identify {xi = Λ} and {xi = −Λ} for all 2 6 i < n and
then cut off the region outside {x1 > Λ}, we obtain a compact manifold
M with boundary ∂M(with two components at least) with RM > 0 and
H∂M > 0, and at some point RM > 0. Then we see that this contradicts
the non-existences results of Theorem 3. Hence, we have yet another proof
of the positive mass theorem. For the rigidity statement, see the article
[ABdL16, Lemma 4.3, 4.4]. 
Appendix A. Details of Computations
A.1. Second variation of minimal hypersurfaces with free bound-
ary.
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Proof of Theorem 4 . Let F = F (x, t) : Σ× (−ε, ε) → M be a 1-parameter
family of diffeomorphisms of Σ induced by X. We consider coordinates xi
near a point p ∈ Σ, let
ei = dF
(
∂
∂xi
)
, X = dF
(
∂
∂t
)
.
We can further assume that xi form a normal coordinate system at p ∈ Σ,
hence
gij(p, 0) = δij and ∇eiej(p, 0) = 0.
Now we calculate the variation of d volΣ. First, under local coordinates, we
have
∂t
√
g = gij〈∇eiX, ej〉
√
g.
We calculate the variation ∂tg
ij and ∂t〈∇eiX, ej〉.
∂tg
ij = −gilgjk∂gkl
= −∂tgij
= −〈∇Xei, ej〉 − 〈∇Xej , ei〉
= −〈∇eiX, ej〉 − 〈∇ejX, ei〉
evaluated at (p, 0). And similarly
∂t〈∇eiX, ej〉 = 〈∇X∇eiX, ej〉+ 〈∇eiX,∇Xej〉
= 〈R(X, ei)X, ej〉+ 〈∇eiX,∇ejX〉+ 〈∇ei∇XX, ej〉.
Hence we have, evaluating at (p, 0)
FX := ∂
2
t
√
g = −[〈∇eiX, ej〉+ 〈∇ejX, ei〉]〈∇eiX, ej〉
+ 〈R(X, ei)X, ei〉+ 〈∇eiX,∇eiX〉+ 〈∇ei∇XX, ei〉
+ 〈∇eiX, ei〉〈∇ejX, ej〉
= 〈R(X, ei)X, ei〉+ 〈∇eiX, ν〉〈∇ejX, ν〉
+ (divX)2 + divZ − 〈∇ejX, ei〉〈∇eiX, ej〉.
Let X = T + ϕν and Z = ∇XX = Zˆ + φν, since Σ is minimal, we have
that div(χν) = 0 for any function χ, so divX = div T and divZ = div Zˆ.
Calculating term by term
〈R(X, ei)X, ei〉 = 〈R(T, ei)T, ei〉+ 2ϕ〈R(T, ei)ν, ei〉 − ϕ2 Ric(ν)
and
〈∇eiX, ν〉〈∇eiX, ν〉 = 〈∇ei(T + ϕν), ν〉〈∇ei(T + ϕν), ν〉
= [〈∇eiT, ν〉+∇eiϕ][〈∇eiT, ν〉+∇eiϕ]
= (B(T, ei))
2 − 2B(T,∇ϕ) + |∇ϕ|2
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and
− 〈∇ejX, ei〉〈∇eiX, ej〉
=− 〈∇ej (T + ϕν), ei〉〈∇ei(T + ϕν), ej〉
=− [〈∇ejT, ei〉+ ϕ〈∇ejν, ei〉][〈∇eiT, ej〉+ ϕ〈∇eiν, ej〉]
=− 〈∇ejT, ei〉〈∇eiT, ej〉 − ϕ2B(ei, ej)2 − 2ϕ〈∇eiT, ej〉B(ei, ej).
The density of the second variation can therefore be written
FX = −ϕ2 Ric(ν)− ϕ2|B|2 + |∇ϕ|2 +G
where
G = [〈R(T, ei)T, ei〉+ (divX)2 +B(T, ei)2 − 〈∇eiT, ej〉〈∇ejT, ei〉]
+ div Zˆ + [2ϕ〈R(T, ei)ν, ei〉 − 2B(T,∇ϕ)− 2ϕ〈∇eiT, ej〉B(ei, ej)]
= div(T div T −∇TT ) + div Zˆ − 2(ϕBijTi);j
The last line is the consequence of the following two identities.
div(T div T −∇TT )
=〈R(T, ei)T, ei〉+ (divX)2 +B(T, ei)2 − 〈∇eiT, ej〉〈∇ejT, ei〉
and
− 2(ϕBijTi);j
=2ϕ〈R(T, ei)ν, ei〉 − 2B(T,∇ϕ)− 2ϕ〈∇eiT, ej〉B(ei, ej).
Indeed, we calculate as follows
div(T div T −∇TT )
=(div T )2 +∇T 〈∇eiT, ei〉 − div(∇TT )
=(div T )2 + 〈∇T∇eiT, ei〉 − 〈∇ei∇TT, ei〉+ 〈∇eiT,∇T ei〉
=(div T )2 + 〈R(T, ei)T, ei〉+ 〈∇[T,ei]T, ei〉+ 〈∇eiT, ej〉〈∇T ei, ej〉
+ 〈∇eiT, ν〉〈∇T ei, ν〉
=(div T )2 + 〈R(T, ei)T, ei〉+ 〈∇T ei, ej〉〈∇ejT, ei〉
− 〈∇eiT, ej〉〈∇ejT, ei〉+ 〈∇eiT, ej〉〈∇T ei, ej〉+ 〈∇eiT, ν〉〈∇T ei, ν〉
=〈R(T, ei)T, ei〉+ (divX)2 +B(T, ei)2 − 〈∇eiT, ej〉〈∇ejT, ei〉.
And
−2(ϕBijTi);j = −2ϕ;jBijTi − 2ϕBijTi;j − 2ϕBij;jTi
= −2ϕ;jBijTi − 2ϕBijTi;j − 2ϕR(T, ej , ej , ν)
where we use the Gauss-Codazzi equation
Bij;j = Bij;j −∇iH = Bij;j −Bjj;i = R(ei, ej , ej , ν)
and the minimality of Σ. 
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A.2. Decay estimates of Minimal surface equations.
Lemma 7. Suppose outside a large enough compact set K, f satisfies the
minimal surface equation∑
ij
(
δij − f,if,j
1 + |∂f |2
)
f,ij +
2(n− 1)
n− 2
√
1 + |∂f |2 ∂
∂ν0
log h = 0
and on the boundary ∂Σ ∼ K,
∂1f = 0
with the decay
|f |+ |x′||∂f |+ |x′|2|∂2f | = O(|x′|−α)
where 0 < α < 1. The we can improve this decay rate to
f(x′) = a0 + a1 log |x′|+O(|x′|−1+ε)
if n = 3; and
f(x′) = f = a0 + a1|x′|3−n +O(|x′|2−n+ε)
if n > 4.
Proof. f satisfies a simpler Poisson equation outside a compact set
∆f =
f,if,j
1 + |∂f |2 f,ij −
2(n− 1)
n− 2
√
1 + |∂f |2 ∂
∂ν0
log h =: g.
Using the asymptotics of h, we see that g = O(|x′|max{−1−3α,−n+1−α}). We
extend g to all of Rn−1+ . Using [ABdL16, Lemma A.1], we can solve the
following PDE {
∆w = g in Rn−1+ ,
∂1w = 0 on ∂Rn−1+
where w satisfies the bound
(9) w = O(|x′|max{1−3α,3−n−α}+ε)
with any ε > 0. The we have that v := f − w satisfies for large |x′|the
following PDE {
∆v = 0 in Rn−1+ ,
∂1v = 0 on ∂Rn−1+ .
When 4 6 n < 8, as already proved in [ABdL16, Section 5], we see that
(10) v = a0 + a1|x′|3−n +O(|x′|2−n).
Combing (9) and (10), we obtain an improved decay rate for f and this
decay rate can be further improved to decay rates similar to that of v by
[ABdL16, Lemma A.1], i.e. for any given ε > 0,
f = a0 + a1|x′|3−n +O(|x′|2−n+ε).
For the dimension three case, we replace the kernel Γ(x, y) := Γ(x − y) in
[MEY63] by
Γ(x, y) = log |x− y|+ log |x− y˜|,
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we then can proceed in the same way as in dimensions 4 6 n < 8, and we
arrive the decay
f = a0 + a1 log |x′|+O(|x′|−1+ε).
Hence we finish proving the decay estimates for f . 
Remark 2. Since by construction f is actually bounded, in dimension 3, a1
has to be 0, i.e.
f = a0 +O(|x′|−1+ε).
Moreover, there is a slightly different case handle by Schoen [Sch83].
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